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ABSTRACT

Our aim in this work is to study the existence of global solutions
and blow-up phenomena in finite time of the following quasilinear
dissipative Kirchhoff's string problem:

Uy — ) ||Vu()|?4u+du, = f, x€RN, t=>0

with initial conditions u(x, 0) = ug(x) and u.(x, 0) = u,(x), where
(p(0)) ' = g(x) € IN2(RM) N LP(RY), N=3,520 the
resistance modules and f = |u|%u the external force.

A combination of the Faedo-Galerkin approximation and the
Banach Fixed-Point Theorem is used to estimate the local (unique)
existence of the solutions, while the method of the modified
potential well is used to prove the global existence and energy
estimates of the solutions.

We complete our work with the blow-up analysis of the solutions
for initial data of negative energy using the concavity method,
where for the discrete case a = 2 we prove the modification of the
upper bound of time.
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terms of the Creative Commons Attribution Non-Commercial License which permits unrestricted, non-commercial use, distribution and reproduction
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1. Introduction

In various areas in mathematical physics, the study of wave phenomena is connected with the study of equations
of the following form

U — Au = f(uw),

where u = u(x, t) is the unknown, the Laplace operator 4 is taken with respect to the spatial variables, and the real-
valued function f defined in the space of the unknown function represents the external force. The above equation
is referred as the nonhomogeneous wave equation in literature and modifications of this equation give rise to
further studies of wave phenomena.

In this work, we discuss the following degenerate nonlocal quasilinear wave equation of Kirchhoff’s type with a
weak dissipative term

Uee — PO IVu(®)||?du + Su, = lul®u, x€RN, t=0 (1.1)

u(x,0) = uy(x) and u.(x,0) = u,;(x), x€ RN, (1.2)

Throughout the paper, we assume that the functions ¢ and g: RN — R satisfy the following condition:
(A) ¢(x)>0,forall x € R¥ and (¢p(x))™* = g(x) € LN/2(R¥) n L°(RY).

A brief review of the original equation first proposed by Kirchhoff to describe the oscillations of stretched strings
and plates, as well as of the study of the various modifications of the initial value problem (1.1)—(1.2) is
summarized in the references [1], [4], [6]-[32]. For a wide description of physical phenomena that lead to relative
mathematical problems of the above type we refer to [30], [32], [34], and for a further reading we recommend the
paper [33] pp. 92-93. Indicatively we mention the Ginzburg-Landau theory [35], where in the case of a
nonhomogeneous superconductor the diffusion coefficient -which represents the coherence length of the
superconductive electrons- is considered to be non-constant with respect to spatial variable.

For the purposes of this work, we have made the following arrangement: In Section 2 we represent the space
setting of the problem and the necessary embeddings for the continuation of our study. In Section 3, we prove the
existence and uniqueness of the weak-solutions, as well as the existence of global-solutions and the energy
estimates of those, using the potential well method. In Section 4 we complete our study by giving some results
concerning the blow-up phenomena of the solutions of our problem using the concavity method.

NOTATION. We denote by B, the open ball of RN with center 0 and radius R. Sometimes for simplicity we use the
symbols Cs°, D%, IP,1 < p < oo, for the spaces C;°(RY), D2 (RN), LP(RV), respectively; || . ||, for the norm || . Il (rvy:
where in the case of p = 2 we may omit the index. All the constants are considered in a generic sense. The end of
the proofs is denoted by Q.E.D (quod erat demonstrandum = which had to be shown) and the end of a theorem or
lemma whose proof is not given is denoted by o.

2. Functional Analysis of the Problem

For the study of the problem (1.1) —(1.2) as a dynamical system we introduce the phase space X, =
D¥2(RN) x D(A), where the space D?(R") is defined as the closure of C5°(RY) functions with respect to the "energy
norm":

[lullpre Ef |Vu|? dx.
RN

It is well known that DY2(RM) = u € L2N/N=2)(RM): Vu € (L*(RV))V and that D*? is embedded continuously in
LPN/(N=2) je, 3 k>0 suchthat
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lullon/ov-2) < kllullpre. (2.1)
We shall frequently use the following lemma:

LEMMA 2.1. Assume g € LN/2(RY). Then3 & > 0, such that
f |[Vul?dx > Ef gu?dx
RN RN

for every u € C3*(RY), where ¢ = k~?||gl|y), (see [35], Lemma 2.2). It is shown that D*?(R") is a separable Hilbert
space equipped with the inner product

(u, v)prz = f VuVvdx.
RN

The space L7 (RV) is also a separable Hilbert space and is defined as the closure of C3°(RY) functions with respect
to the inner product

(u, v)Lé RN = fR Nguvdx.

An elementary step for the continuation of our study is the compact embeddings, whereas we shall see elucidate
the connection between the spaces of our problem, and constitute the pillars of the evolution-triple (see pp. 45-46,
Theorem 2.4 [35]).

We cite the following compact embedding.

LEMMA 2.2. Let g € LN/2(RM) n L*(RM). Then the embedding D*? c L2 is compact.

PROOF. For the proof we refer to [35] (see also [32], Lemma 2.1). O

The following lemmas will be proved to be useful in the sequel. For the proofs, we refer to [32] and [35].

LEMMA 2.3. Let g € L2N/@N=pN+2p)(RV) Then the following continuous embedding D*2(R") c L} (RV) is valid, for
allt<p<2N/(N-2). O

REMARK 2.4. The assumption of Lemma 2.3 is satisfied under the hypothesis (4), if p = 2.
LEMMA 2.5. Let g satisfy condition (4).If1 < q < p < p* = 2N /(N — 2), then the following weighted inequality
llull,p = CoIIuIIigglluII%Lz (2.2)
is valid, for all 8 € (0,1), for which 1/p = (1 —8)/q+6/p*,and C, = k. o
To study the properties of the operator —¢A4, we consider the equation
—p(x)Au(x) =n(x), x€RY, (2.3)

without boundary conditions. Since vV u, v € C§°(RY) we have

(—pAu,v),2 = f VuVvdx, (2.4)
g RN
we may consider equation (2.3) as an operator equation of the form
Agu=mn, AyD(4,) S Lg(RN) = Lf](RN), neE L;(RN). (2.5)

Relation (2.4) implies that the operator 4, = —¢4 with domain of definition D(4,) = C§*(RY), is symmetric. From
Lemma 2.1 and eq. (2.4) we have that

87



Pericles Papadopoulos Mathematical Structures and Computational Modeling, 2, 2026

(Aouww)yz = allullz,  Vu € D(A). (2.6)

So the operator A, = —¢4 is a symmetric, strongly monotone operator on L7 (RY). Hence, Friedrich’s Extension
Theorem (see Theorem 19.C, [10]) is applicable.

The energy scalar product given by (2.4) is
(w,v)g = f VuVvdx,
RN

and the energy space is the completion of D(4,) with respect to (u,v)g. It is obvious that the energetic space X; is
the homogeneous Sobolev space D¥2(RM).

The energy extension Ay = —¢4 of 4,,
—¢A:D*2(RY) = D™H2(RY), (2.7)

is defined to be the duality mapping of D12(R¥). We define D(A) to be the set of all solutions of eq. (2.3), for arbitrary
n € L5 (R"). Friedrich’s extension A of 4, is the restriction of the energetic extension A to the set D(A). The operator
A = —¢4 is self-adjoint and therefore graph-closed. Its domain D(A4), is a Hilbert space with respect to the graph
scalar product

W V)pwy = (W, v)Lé + (Au, Av)Lé Yu,v € D(4).

The norm induced by the scalar product is

1/2
lullpeay = (J g|u|2dx+J ¢|Au|2dx> ,
RN RN

which is equivalent to the norm

1/2
4],z = ( [ o |Au|2dx) .
g RN

So we have established the evolution triple

D(A) c D¥*(RY) c LZ(RY) € D"M*(RM), (2.8)

where all the embeddings are dense and compact.
For the general eigenvalue problem of Friedrich’'s extension operator A we have that
—p(x)Au = pu, x €RV (2.9)
has a complete system of eigensolutions {w,, u, } satisfying the following properties
—pAw; = wyw;, j=12,..., w; €DY*RV),
and
O0<py Sp;<..., pj—> o, as j- oo,

After our brief review of the functional analysis arguments, we shall give the following definition regarding the
weak solution of the problem (1.1) — (1.2).

DEFINITION 2.6. A weak solution of the problem (1.1) — (1.2) is a function u such that
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(1) u € L?[0,T; D(A)], wu, € L?[0,T;D¥?(RM)], wu, € L[0,T; L;(RN)],
(i) satisfies the generalized formula for all v € C°([0,T] x (RY)),

(2.10)

fo T(un(f), o) ;e f T(”w(t)nz f Nw(f)w(f)dm> s f T(u[(r), o), 0o f T(f(u(f)), V(T))L3 dr =0,

where f(s) = |s|%s, and
(iii) satisfies the initial conditions

u(x,0) = uy(x) € D(A), u.(x,0) =u,(x) € DY2(RY).
3. Local and Global Existence Results

In order to obtain a local existence result for the problem (1.1) — (1.2), we need information concerning the
solvability of the corresponding nonhomogeneous linearized problem around the function v, where (v,v,) €
C(0,T; D(A) x D¥?) is given, restricted in the sphere B.

Uy — PO ||Vo(@®)|124u + Su, = [v|%, (x,t) € Bg X (0,T),
u(x, 0) = ug(x), us(x,0) = u,(x), x € By,
u(x,t) =0, (x,t)€dBg x(0,T), (3.1)
v € €(0,T;D(4)), v, € C(0,T; D'2).

PROPOSITION 3.1. Assume that the initial data u, € D(A4),u, € D*?(R") and a = 2. Then the linear wave equation
(3.1) has a unique solution such that

u € C(0,T; D(A)), u, € C(0,T; D¥2(Bp)).

PROOF. We shall prove existence by means of the classical energy method (Faedo-Galerkin approximation). For
this, we consider the basis of D(A) generated by the eigenfunctions of A (see pp. 5) and we construct an
approximating sequence of solutions

n
W) = ) bu(Ow,
i=1

solving the Galerkin system:

(u?t,wi)Lé(BR) + ||Vu"||2f Vu"Vw;dx + S(u?,wi)Lé(BR) — (Iunlzun,wi)Lz(BR) =0
BR

with u"(x,0) = Pug(x), ul(x,0) = B,u,(x), where B, is the continuous orthogonal projector operator of D(4) -
span{w;:i = 1,2,...,n} and of DY2(Bg) - span{w;:i = 1,2,...,n}.

Multiplying the equation by b,,(t) and summing from 1 to n, we obtain

1d lvur>d Slumll? = (lu™|2un, ur
e I gy + s I sy + O 5y = (P05

Since ||Vu™||? = ||u"||%1,z(BR), the equation takes the form

d ny 2 ld nj2 2 nj2 — n|2,,mn ,,n
S 0 o + 77 | (I W) |+ St I3y = (R P20 .5
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Under the assumption that |f (u™)| = ||u™|?u"| < c|u™|?, we derive for the last term of the above equality

g lu™*dx + Ef g lul|?dx

Br

< cf g*? g ?|lu™?lulldx < Ef
B

R Br

1/a 2
SE(I g“dx) (f IVu”Ide) +Ef g lul|?dx
Br BRr Br

fB g faumupdz

R

or
2 ~ 4 2
| 2, u) g | < € {19 iacom I Wy + IR 122 )

where in the second inequality we have used Cauchy's inequality (see pp. 9, [35]) with &é = ¢/2, and in the third the
Lemma 2.3. Therefore, according to this, we obtain the following inequality, where ¢ = ¢(¢, 6, ||g||La(BR))

d
(I 122y + I W2y ) < € (I B2y + I 3 5p)
The rest of the proof follows the stepsin (Lemma 3.1, pp. 189-192; [30]). Q.E.D.

Next, we will prove the following theorem.

THEOREM 3.2. Assume that f(u) = |u|?u is a nonlinear C!-function such that |f'(w)| < ky|ul?. If (ug,uy) €
D(A) x DV?(RN) and satisfy the nondegenerate condition ||Vu,|| > 0, then there exists time T = T(|[uollpay, [V [|2) >
0, such that the problem (1.1) — (1.2) admits a unique local weak solution u, satisfying

u € C(0,T; D(A)), u, € C(0,T; D).
Moreover, at least one of the following statements holds true, either
(i) T=oo,0r
@ lime(u(®) = lim (e (Oll722 + Ol e) = .

PROOF. The proof is based on the Banach fixed-point theorem (see pp. 24-26, [35]). To apply this theorem we
introduce the two-parameter space of solutions

P { v € C(0,T; D(A)): v, € C(0,T; D1?), }
TR Ww(0)=uy, v.(0)= u;, eW(®)<R%:, V te€[0,T]

which is a complete metric space for any given T > 0 and R > 0 under the distance function

d(u,v) = sup el(u(t) —v(t)), where e;(v) = ||vt||z§ + ||v||%1,z.
0st<T

Next, we introduce the nonlinear mapping S in the following way. Given v € X, we define u = Sv to be the
unique solution of the linear wave equation (3.1). In the following we shall show that there exist T >0, R > 0such
that the conditions below to be valid

a) S maps Xrp intoitself, i.e., S: X7 p = X7 .
b) S isa contraction with respect to the metric d(,, ).
We set 2M, = ||Vu,||?> > 0 and denote by

Ty = sup{t € [0,): ||Vv(s)||? > M,, for 0 < s < t}.
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Then we have
T, > 0 and ||Vv(t)||> > M, forall t € [0, T,]. (3.2)

To prove condition (a), we multiply (3.1) by —24u, (in the sense of the inner product in the space 1?) and integrate
over RY, to obtain

—2[ Ausudx + 2||Vv||? f ¢ () Aududx — 28 | Ausudx = —2] |v|? vAu,dx. (3:3)
RN RN RN RN
Setting,
e3(u(®) = [IVu O + IV O [w(® I
(3.3) takes the form
d d 3.4
- es(w) + 20112 = (1w )l — 20017, 4u,). G4
We observe that the following estimate holds
e; (W) 2 |[Vue(O)I* + Mol[u(®)l1p = ci*e(w), (3.5)
with ¢; = (max{1, My*})'/2. To proceed further, we notice that
d ; : (3.6)
(; ||VU||2) llully = 2 fR NAvvt¢(x)g(x)dx||u||;(A) <2 ( jR @ IAvIde) ( fR K Ivtlzdx) llullgy < 2 /nvn;w el 1 (e 1
< 2Rk(||vt||%1,z)e(u(t)) < 2R%*kctey(u) < c,R%e;(u),
with ¢, = 2kcf, where k is the constant of the embedding D*? c L%. We also have that
=2(lvl?v, 4u,) = —ZJ- |v|? vAu,dx = 2f V (lv|?v)Vu,dx = Zf f' (w)VvVudx < Zkl”U”zz[\]”VV”LZN/(N—Z)||Vut||, (3.7)
RN RN RN

where we have used Hélder inequality with p=* = 1/N,q™* = (N — 2)/2N and r~ = 1/2. Then, from Lemma 2.3 and
the embeddings (2.8) we obtain

Ivlizy < R?, 1Vl 2vv-2) < |vlipy <R, and [Vl < e/ (3.8)

Using estimates (3.6) — (3.8), we get from eq. (3.4) that

d
aeﬁ(u) < c,R%e;(u) + c3R3e; (u(t))/?,

with ¢; = 2k, ¢;. Hence, from Gronwall's inequality, we derive

T
e3(u) < edo 2R7ds [e;(u(O)) + f csR3e3(u(s)) /2 ds| < e2R°T[e3(u(0))/? + csR3T]’.
0

According to the estimate (3.5), we receive the following relation
e(uw) < cle;u(0)¥? + c3R3T]ZeczR2T = B (3.9
for any t € [0,T], with T < T,. Therefore, if we assume that
Bi r < R?,

then condition (a) is valid, i.e., S maps X into itself.
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To prove condition (b), we take vy, v, € X1z and denote by u; = Sv;,u, = Sv,. Henceforth, we suppose that B; z <
R? i.e.,, uy,u, € Xrp, and setw = u; — u,. The function w satisfies the following relation

Wi — @IV, 124w + Sw, = ¢ (||[Vvy |2 — ||V, ||D)Au, + vy |2v; — 0,120,
w(0) =0, w.(0)=0.
Multiplying this equation by 2gw, and integrating over RY we obtain
2 fRNg W,y dx — 2 fRNn Vo, 24w w,dx + 28 fRNg widx = 2(||V,||? — [V, ]1) fRNA ww,dx + 2 fRNg (v12v, = v, 12v,)w,dx. (3.10)
Setting,
e5,(w(®) = W OIIF + o1 Ol 12 WO 312,

(3.10) takes the form

%e:;l (w) + 260w, I17> = %(nwlnz)nwnz + 20102 = [199,117) x (dug, w) + 2(Jv, oy = v 2o w) 2 = 1,(0) + 1, (O + 15(0). (3.11)
We also observe that
e, (W) = ||Wt||i§ + Myllwll312 = c7%ey (w). (3.12)
As in (3.6), we notice that
I;(t) < c,R?e; (W) (3.13)
I,(t) < 2(R + R)e(v, — vz)l/ZJNlduzllwtldx. (3.14)
R
For the last term of (3.14), from estimation (3.12), we have that
[ vt lg2222g dx < (s O ) (IO )* < Rea(w(®)™" < Reyes, ()1 G15)
Therefore, from (3.14) and (3.15), we derive that
(1) < c,R%e;(vy — v,)Y2e; (W)2, (3.16)
where c, = 4c;. Applying the Lemma 2.1 and the embeddings (2.8), we obtain
I3(8) < 2o (IVv4 17 + IVO DIV s — v)llIwell g < coR?er(vy — v,)"2es, W)V2, (3.17)

where cg = 4ko& ¢y, & = k7?||glly),, the Poincaré’s embedding constant (see Lemma 2.1) and k, is a constant
derived from the formula of f. From estimates (3.13), (3.16) and (3.17) we get the following estimate for the relation
(3.11)

d
ae;ﬁl (W) < c;R%e; (W) + (c4R? + csR?)ey (v, — v,) ey (W)Y/2.

Gronwall's inequality and the fact that e; (w(0)) = 0, imply

ey, (W) < (,R* + csR2)2T2e%2R"T sup e, (v, (t) — v,(t)). (3.18)
0<t<T
Therefore, from (3.9) and (3.18), we derive
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d(uy, up) < Brg d(v,,v,), (3.19)

where

RAT2(1+ kok?llgllx ) €<%,

V|| 2
Brr = 4max {1,%}

by substituting cy, ¢,, ¢4, ¢6. From this we conclude that the map S is a contraction if By < 1.

We note that the two inequalities B ; < R* and By < 1, are justified at the same time if the parameter R is
sufficiently large and T is sufficiently small. Applying Banach fixed-point theorem we obtain the local existence
result. The second statement of Theorem 3.2 is proved by a standard continuation argument (see pp. 100 in [33]).
Q.E.D.

Next, we shall prove that the relation ||[Vu(t)|| > 0, is valid for all t = 0. For this we consider the general equation
Uee — PO ||Vu(®)||?4u + Su, + f(u) =0, x€RY, t =0, (3.20)

with initial conditions u(x, 0) = uy(x) and u.(x, 0) = u,;(x), in the case where N = 3,6 =0 and f(u) a nonlinear C?-
function such that

fRNf(u)udx > kgt LNF(u)dx, F(u) = Zjo f(m)dn (3.21)

If@)] < kg ful®*, If (W] < kaul®, (3.22)

where kg, ki, k, =1 for a = 0. In our case, where f(u) = |u|?u, we can take k, = 4,k; =1 and k, = 3 (see pp.58 in
[35D).

To define the energy related to equation (3.20), we multiply the equation by 2gu, and integrate over RN to obtain
the following relation (for simplicity we have set § = 1)

ZJ gututtdx—2||Vu(t)||2J utAudx+2J gu?dx+2] guglul?udx = 0.
RN RN RN RN

Using some derivative arguments, we derive

%(”ut(t)”ié +%||u(t)||%1,z + jRNF (u)dx> + 2||ut(t)||§§ =0. (3.23)
Then, we define as the energy functional of (3.20) the quantity
E(t) = E(u(t), ut(t)) = ||ut(t)||i§ +%||u(t)||%1,2 + fRNF (w)dx. (3.24)
Thereby (3.23) may be written as follows
(3.25)

d
2 _
—E® + 2w @l = 0.
From this, we observe that the energy functional has a negative derivative which indicates an upper bound.

Explicitly, this means that E(t) < E(0), since the rate of change is decreasing in time and depends on the initial data.
Therefore, we may take the following estimate for the quantity ||[Vu(t)||:

Ivu®| < 2E®)* < (26(0))™. (3.26)
Having made these notations, we are able to prove the following lemma.
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LEMMA 3.3. Assume that f(u) = |u|?u is a nonlinear C-function, and N = 3. If the initial data (ug,u,) €
D(A) x D2(RM) and satisfy the condition ||Vu,|| # 0, then we have that ||Vu(¢)|| > 0, vVt = 0.

PROOF. Consider u(t) the unique solution of (3.20), by Theorem 3.2 in the space [0, T). Multiplying equation (3.20)
by —24u,, integrating over RN and using some derivative arguments (for § = 1) we derive

d d
i IVu, (O11* + IIVu(t)Ilza (@15 + 20V O11 + 2(lul?u, u (1)) = 0.
Since ||[Vu,|| > 0 and ||Vu,|| # 0, we observe that ||[Vu(t)|| > 0 near t = 0. Let

T = sup{t € [0,0): ||[Vu(s)|]| > 0, for 0 < s < t}.

Thus T > 0 and ||Vu(t)|| > 0 for 0 < t < T. If we assume that T < «, then we have

lim [IVa(6)]] = 0.

Making a variable change (t:=T —t =1), we derive that the function u(t) = u(T — t) = u(z), satisfies the
problem :

iy (£) — p) VA [12A0 () — % (8) + f(@(t)) =0, x€RN, £>0,
u(0) = 0 and #,(0) = 0, x € RV,

where u’ = du/dt. We observe that u € ¢°([0,T]; D(A)) N C*([0,T]; D*2). Multiplying the above equation by 2gu, and
integrating over RV, we obtain an equation analogous to (3.25):

d
ZEE®,5,0) = 2w Ol < 260, 5,0). 527

Integrating (3.27) over [0, t], we obtain that
t
E(u(t), u,(t)) <2 J E(u(s),u'(s))ds, for 0<t<T.
0

Since E(ﬂ(O),ﬂ'(O)) = 0, we can apply Gronwall's inequality to derive that
E(u),u'(t)) =0, vV t€e[0,T],

i.e., |[Vu(T — t)|| = 0 at [0, T] which comes in contradiction with ||Vu,]|| # 0. Therefore, T = o and ||Vu(t)|| > 0, Vt =
0. Q.E.D.

Subsequently, we consider the global existence and energy decay questions of the solution for the initial value
problem (1.1) — (1.2). For this we multiply equation (1.1) by 2gu, and integrate over R" to obtain the following
relation

d 1 1 (3.28)
== (IO, + 3 @z = 5 @I ) + 261 Ol = 0.

Therefore, we define as the energy of the problem (1.1) — (1.2) the quantity :

1
B = Eu(0,1,0) = I, +5 @z~ @l 3:29)

Hence, eq. (3.28) may be written as
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%E(t) + 26| (D% = 0. (3.30)
Furthermore, we introduce the potential associated with the problem (1.1) — (1.2) as follows
P@) = 3 IOlihue ~ 5 IOl 53D
So, from (3.28) and definitions (3.29), (3.31) we derive the relation below
E@®) = ”ut(t)"ié + P w. (3.32)
Finally, we introduce a version of the modified potential well (see in [5], [18], [32]), by
W = {u € DA K W) = @}z ~ (Ol > 0} U {0}, (3.33)

Thereinafter we give two auxiliary lemmas concerning the behavior of the potential well. For the proofs, we refer
to [33] and [35].

LEMMA 3.4.1f2 < a < 4/(N — 2), then W is an open neighborhood of 0 in the space D**(R¥). O
REMARK 3.5. The condition 2 < a < 4/(N — 2) implies that N = 3.

REMARK 3.6. In the limit case where a = 2 we observe that, ||u||jE < Coé Y |ullp12 and K (w) = (1 — Co& D lullf 1
This means that we have a degeneration as %(u) > 0 and 0 belongsin W if k®*2||g||y/, < 1 is valid for 6 € (0,1).

LEMMA3.7.fue W, N =3anda > 2, thenwe have

a—2

0< FICE) lullpr: < P < E(u,uy),
where
) =5 )l — — u%F
2 D a+2 Lg
and

E(uu,) = ”ut(t)”ié +Pw),
the potential and the energy of the problem (1.1) — (1.2) with f(u) = |u|%u, respectively. O

REMARK 3.8. In the limit case where a = 2 we observe that

1- k9+2||g||1v/2
—) llullpe2

1 1 1 1
P() = 5 [u®) 3z =5 Oy 2 M@l =5 Cof Hullfes = Pw) 2 < 5

2

and that the relation mentioned in the lemma is reduced to 0 < wllu|1. <P() < E(t), where w =
(1= k*?ligllv/2)/2, for 6 € (0,1).

Concerning the time behavior of the energy we have the following remarks.
Integrate equation (3.30) over [0, t], to derive

t
B@ +25 [ u @l dx = EO) (3:34)
0
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Let us note that, if u € W, then by definition E (u, u,) = 0, whereas, if E(u,u,) < 0, then u ¢ W. From equation (3.30)
and definition (3.29) we obtain that

d 3.35
T E(w,u,) = =26 (DIl < 0. 5:39)

Therefore, the energy E(t) is a nonincreasing function of t. Hence, we have that
E(t) <E(0), Vv te][0,T). (3.36)

The following theorem deals with the global existence and the energy decay properties of the problem (1.1) —
(1.2). For the proof we refer to [33] and for a more detailed one in [35].

THEOREM 3.9.AssumethatN =3, 8/3<a<4, uy,€ W(cD(4))andu,; € D2, Also suppose that the following
inequality is valid

1/p2 (3.37)
E(0) < <—m> if 8/3<a<4 and p,>0.
COH'()

Then

(@) for p, = 2(a+ 2) —3a)/2 and p, = (3a — 8)/8 there exists a unique global solution u € W of the problem
(1.1) — (1.2) satisfying

u € C([0,00); D(A)) and u, € C([0,); D¥2(RM)).
(b) Moreover, this solution satisfies the following estimate
lluellzy + d= M IVull* < EQuu,) < (E(uoouy) ™2 + dg[t — 1]*) 7, (3.38)
whered, =2(a+2)/(a—2) and dy,=1,i.e.,
IVull* < C.Q+07,
where C, is some constant depending on ||u0||‘1*)1,2 and ||u1||L§. O
REMARK 3.10. In the case where a = 2, we have the following observations:

(a) To derive a similar equation like eq. (4.18) (see eq. (4.18) pp. 65 in [35] or pp. 102in [33]):
SO, < SO +2 (SOl + 5 I O ) + 200 1)y +2 | ) ds
5= 5+ 2 (G IOl + 5 e lOlg )+ 200 1a)ig %2 | (Mg s

we use the estimate

1 5 1
—f g @lu®)|*dx < — (f g® dx) (f |Vu|? dx) =— <f g® dx) ||Vu||2f |Vu|? dx,
RN RN RN RN RN

where we have that a = 2N/(8 — 2N),p = 4 (see Lemma 2.3) and also the assumption that the equality is valid for

p =1, where we set
p = (f g“dx) .
RN

I~

Therefore, we are able to obtain the identity
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@iz - |

g @Nu®)|*dx = 0,
RN
which we can use it in relation (4.17) (see eq. (4.17) pp. 65 in [35] or pp. 102 in [33]):

6d

2 gt IO + O~ | g Wu@+ax =0,

d 2
E(u(t),uf(t))@ = e (Ol +

in order to obtain our result.

(b) In relation (4.21) (see eq. (4.21) pp. 66 in [35] or pp. 103 in [33]):
a+2)60
@Ol < Cu* PO PEO) % (il

according to Lemma 2.5, the constants take the values :
6=3/4, p,=1 p,=-1/4
Hence, eq. (4.22) (see eq. (4.22) pp. 66 in [35] or pp. 103 in [33]):
IIu(t)Ilfgfz < Cottg E(0)P2[[u(t) || 1.2,
takes the following form
IIu(t)IIg < Coto EO) 4 |[u®llprz,
whereas we notice that the estimate (3.37) is modified, since p, < 0.

(c) According to Remark 3.8 the last inequality in relation (4.27) (see eq. (4.27) pp. 67 in [35] or pp. 104 in [33])
becomes:

1 (> ty t+1 t+1 i 2
_J. Hu(s)itpeds < J. x (u(s))ds < J la, ()% ds + (j I, (S)IIizds) + Z N, (e Dz ¢ osup ()i < 07 () + 50() & o
2 g 9 9N t<s<e+1 9

t t t t
B 1 i=1

1/4

<02()) + 50 (w2 ()

where the constants ¢ (defined to be equal to a ) and w, are the fixed constants in Lemma 2.1 and Remark 3.8
respectively.

Using the above remark, we are able to obtain the rest of the proof with the difference that d, is replaced by @
and the notation ¢ by a.

4. Blow-up results

In this section, we complete our study with the blowing-up property of the solution for the initial value problem
(1.1) — (1.2). To show the blow-up of the solution, we adapt to our case the concavity method, introduced by Levine
in [2] and [3]. The concavity method is based on the construction and the properties of the two functionals Z(t) and
V().

— 2 ‘ 2 2 2 (41)
Z(t) = ||u(t)||L§ +6 fo I u(s)||L§ds + (T, — t)||uo||Lé +7r(t+1)?

t t t 2 (4 2)
V() = {||u(t)||Z§ + 6f I u(s)||zéds +r(t+ r)z} X {||ut(t)||f§ + 6.[ I ut(s)||f§ds + r} - {(11.(1.‘),11.t(1.‘))LZ + 6'[ (u(s).ut(s))Lz ds +r(t+ T)} , .
0 0 (] 0 g
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wheret € [0,T,] and T,, r, Tt are positive constants, to be specified latter. Since every term in the above definition
is positive, we have that Z(¢t) > 0 and

t

(4.3)

Z'(t) =2 {(u(t),ut(t))Lé + 6f (u(s),ut(s))Lg ds +r(t+ ‘[)},

2"(t) = 2 {(u(t),utt(t))Lé + eI + 60 0, (©) 5 + rl (4.4)

If u is a solution of (1.1), then multiplying (1.1) by gu, integrating over RY and using some derivative arguments
we derive

_sld (4.5)

(@@ u®),, = ~IVu®I* - 52

IIu(t)llfg + IIu(t)IIfgfz.

Therefore, combining relations (4.4) and (4.5) we obtain that

2"(6) = 2 {~IVu®Il* + IOl + e (DI + 7 (4.6)
On the other hand we observe that V(t) = 0 and from relations (4.2), (4.3) we get
V() = {Z(t) —6(Tp — t)”uolli?]}{”ut(t)”ié + 5Jtll ut(S)IIf_;]dS + r} - %Z’(t)z
0
or
Z'()? =4 [{Z(t) —6(Tp - t)lluollfg} {Iluf(t)llig +8 Ltll ut(S)IIfgdS + T} - V(t)]-

Hence from the above relation we get

202" - (3+1)2'©? 2 2(©) [Z”(t) —(a+4)x {”utllié +6 jtu wll?; ds + r}] @7
0

Since Z(t) > 0, we have to show the positiveness of the term inside the brackets. For this we define
t
() = 2"(t) - (a+4) X {uufnig +5 j ey ds + r}.
0
From relations (3.34) and (4.6), we observe that
2 2 a+2 4 a—2 4
H(©) = ~(a+2) % {lu @I + BO) ~ E© + 5 @l + r} = 210u@]* = ~(a+ DEO) + 1) + = [vu@]",
where for the derivation of the last inequality we have used the Lemma 3.7 and the definition (3.29).
Fixing r = —E(0) > 0, the above inequality becomes
a—?2
H(E) = IV = (). (48
Then, from relations (4.7) and (4.8), we obtain
a
(2" (t) — (Z +1)Z'®)? 2 Z(HQ() 2 0,

which implies the concavity character of the functional Z(¢t), i.e.,
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,!
(z@)-)" = - —Z(t) a-2{7(6)2" () - ( +1)Z'(1)?} <0 (4.9)

Having set the framework of the concavity argument we are able to state and prove the blow-up result. For the
proof, we refer to [33] and [35].

THEOREM 4.1. Suppose that a = 2, N = 3 and the initial energy E (u,, ) is negative. Then there exists atime T,
where
-2 -1 2 S 212 2 (4.10)
0<T < a(=EGuou) " [{(28luoly - aluour)s) +a*(~ECuou)liuoliy | +28lluglZ, = aCug )y |

such that the (unique) solution of the problem (1.1) — (1.2) blows-up at time T, i.e.,

lim [u®lf; = . O
REMARK 4.2. In the case where a = 2, we have the following observations:

@1t = (£ () + ) -

a-2 4£(0)
@ %) 2 (o DEW +7} + 2@ = 0) 4} - { > } -0+

e
where we have used (3.26) in the third line.
Setting

r =2 Ol + 6 j (I ds >0,

and using the following inequality (see eq. (4.19) pp. 66 in [35] or pp. 103 in [33])
1 t
Sl @I+ [ s < EO),
0

we observe that H(t) > 0.

(b) The concavity character (4.9) takes the following form

/ 1 3
(2)) = 520 (202" ) -2} <0

and by the inequality

47(0)
Z@ ="

for

Z(0) = lluoliZ, + 8Tollug |12, + 17211372

2'(0) = 2{(uo, )z + /2l 7},

inequality (5.20) (see pp. 75in[35], or (5.17) in pp. 107 in [33] and for more details the proof of Theorem 4.1 in
the mentioned references) becomes:

2 2
2oz + le 12, 72
T(r) =

<
2 2
2 [ (o, w)iz, = SlluoliZ | + lucllZ ™
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From this, we derive that
e 1757 + 4o, wun)ig e 175 7 = 2l 17 lue 175 [1 + 2]

(2]to )iz = SlluollZ, |+l 7)’

)

T'(r) =

and that T(7) takes the minimum value on the interval (0, %) at the value t = 7, where

2 a
o = a2 [l — o udig] + (2] (Sl — Gtz )+ 5l |

From Theorem 4.1 and Remark 4.2 we conclude that as t — T_ the solution u = u(x,t) of the problem (1.1) —
(1.2), blows-up, i.e., the natural system described by this mathematical model goes through a transitional change.
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