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ABSTRACT

Fixed point theorems on cones of functional type provide powerful tools for
studying positive solutions to nonlinear problems, particularly in settings
where standard methods fail to capture multiplicity or positivity. In this work,
we establish an extension of the Avery-Henderson twin fixed point theorem
to the setting of operator sums by employing fixed point index theory on
cones. This new variant significantly broadens the applicability of fixed point
techniques to problems involving composite operator structures. As an
application, we establish the existence of at least two positive solutions for a
discrete boundary value problem involving the ¢-Laplacian. The result not
only generalizes existing theory but also addresses the challenge of
establishing multiplicity in nonlinear difference equations, which arise in
models of population dynamics, mechanical systems, and network flows.
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1. Introduction and General Framework

The investigation of positive fixed points plays a crucial role in nonlinear analysis, as these often represent
positive solutions to differential and integral equations in ordered Banach spaces. A landmark result in this domain
is Krasnosel'skii's cone expansion and compression fixed point theorem (1964) [1], which has profoundly influenced
subsequent developments in the field. For further foundational work, see [2, 3, 4]. A significant extension is the
Leggett-Williams fixed point theorem (1979) [5], which guarantees the existence of at least three fixed points in
cones of Banach spaces under suitable conditions. While the original version focused on multiplicity, subsequent
refinements also address the localization of fixed points, paralleling Kransosel'skii's approach. The key distinction
lies in the structure of the conical shells, where fixed points are localized. Whereas, the Krasnosel'skii's theorem
localizes fixed points in an annulus characterized by a norm, the Leggett-Williams theorem relies on a concave
functional for localization. The use of this functional (which cannot coincide with the norm) often simplifies
computations and yields more versatile results, making Leggett-Williams approach preferable in many applications.

In [6], Anderson et al. generalized the Leggett-Williams framework, proving a functional expansion-compression
theorem for completely continuous maps. Their work ensures the existence of a fixed point in P(a,8,a,b) = {x €
P:a < a(x) and B(x) < b}, where a and B are two nonnegative continuous functionals, thereby subsuming earlier
results from [7, 8, 9, 10, 5, 11]. An appreciative generalization of both Krasnosel'skii cone expansion-compression
and Leggett-Williams fixed point theorems was developed by Avery and Henderson [12], extending the classical
framework to more flexible functional settings. Their approach establishes sufficient conditions for the existence of
twin fixed points of completely continuous operators that preserve certain subsets of a cone. The criterion is
formulated in terms of inequalities involving carefully chosen functionals, providing a powerful tool for proving
multiplicity results in nonlinear analysis.

In 2019, Djebali and Mebarki [13] initiated a new line of research in the theory of fixed points in ordered Banach
spaces, focusing on the sum of two operators. Since then, several fixed point theorems, including Krasnosel'skii type
and Leggett-Williams type results in cones, have been established (see [14, 15, 16, 17, 18, 19, 20]). These theorems
have been applied to study the existence of nontrivial nonnegative solutions for various boundary and/or initial
value problems (e.g., [18, 20, 21]).

In this paper, we employ the fixed point index theory developed in [13] and [18] to generalize [12, Theorem 3.2]
for the sum T + F, where (I — T) is a Lipschitz invertible mapping with constant h > 0 and F is an £ -set contraction
satisfying £h < 1.

The paper is organized as follows. In Section 2, we give some preliminary results that will be used for the proof
of our main results. Sections 3 and 4 are devoted to our principal contributions. In Section 3, we introduce a new
fixed point theorem of functional type, extending and unifying previous approaches. In Section 4, as an application,
we prove the existence of at least two positive solutions for a discrete ¢-Laplacian boundary value problem. Finally,
in section 5, we provide a numerical example.

2. Preliminary
Let E be a real Banach space.

Definition 2.1 A mapping K:M c E — E is said to be completely continuous if it is continuous and maps every
bounded set of M into a relatively compact set.

The concept of an ¢ -set contraction is closely related to the Kuratowski measure of noncompactness [22].

Definition 2.2 A mapping K: E — E is said to be an € -set contraction (with £ > 0) if it is continuous, bounded and
satisfies y(K(Y)) < £x(Y), for any bounded setY c E, where y denotes the Kuratowski measure of noncompactness.
The mapping K is called a strict set contraction if £ < 1.
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Obviously, if K: E — E is a completely continuous mapping, then K is 0-set contraction.
Definition 2.3 A mapping K:D c E — E is said:

* h -expansive if |[Kx — Ky|| = h]lx — y||, for any x,y € D with h > 1.

* p -Lipschitz invertible if its inverse is Lipschitzian with constant p on K(D).

Example 2.4

1. An affine function S(x) = bx + c (where b # 0) is ﬁ—Lipschitz invertible on R.

2. The function S(x) = tan(x), defined on (—gg) is 1-Lipschitz invertible on R.

3.LetT:D c X — X be h -expansive then, I — T is ﬁ-Lipschitz invertible. In fact, for each x, y € D, we have
I =T)x =T =Dyl = I(Tx =Ty) = (x =)l = (h = Dllx = yll,

which shows that (I — T)™t: (I — T)(D) - D exists. Hence, for x,y € (I — T)(D) , we obtain

I =1 = (=)l < =l =yl
Additional examples of Lipschitz invertible mappings can be found in [23].
Definition 2.5 A closed, convex set P # @ of E is called a cone if
1.éx € Pforany ¢ = 0and forany x € P,
2.x,—x € P implies x = 0.
Every cone P c E induces a partial ordering in E given by

x<yif and only if y—x €P.

The following result will be used to established our new fixed point theorems. The proofs are based on the fixed
point index theory for the sum of two operators on retracts of Banach spaces. For more details of this theory, we
refer the reader to the book by Mebarki et al. [24]. In what follows, let P denote a cone in a real Banach space (E, ||. [),
N asubset of P, and U a bounded open subset of P. If U n 2 # @, we denote by i,(T + F,UNQ,P) =i((I—-T)"*F,U,P)
the generalized fixe point index associated to the sum of the operators T and F.

Proposition 2.6 [24, Proposition 2.2.68] Let T: 2 —» E be a mapping such that (I —T) is p -Lipschitz invertible,
F:U c P - E is an £ -set contraction with £p < 1 and F(U) c (I — T)(2). If there exists u, € P\{0} such that

Fx # (I —=T)(x — Aug), for all (4,x) € [0,0) X U N (2 + Auy),
then i (T+F,UnN,P)=0.

Proposition 2.7 [24, Proposition 2.2.61] Let T: 2 ¢ P - E is a mapping such that (I — T) is p -Lipschitz invertible
and F:U - E is an ¢ -set contraction with £p < 1, and F(U) c (I — T)(2).1f 0 € U and

Fx # (I —T)(Ax) for all (A4, x) € [1,0) X U with Ax € ),

then i, (T+F,UNnQ,P) =1
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3. Twin Fixed Point Theorem for the Operator Sum

Let ¢ be a nonnegative continuous functional on P. For a positive real number r, we set

P,r) = {xePykx)<r}
oP(Y,r) = {xeP:yYkx)=r}
P,r) = {xeP:yx) <r}h

Theorem 3.1 Let P be a cone in a real Banach space E and let a,y and 6 be nonnegative continuous functionals
on P. Suppose there exist positive numbers M, a, b and ¢ with a < b < ¢ such that a(0) < a and

y(x) < 0(x) < a(x) and ||x|| < My(x), for all x € P(y,c).
and
0(Ax) < A0(x), for all (A,x) € [0,1] X AP (6, D). (3.1

Suppose that P(a,a) N2 # @, T: 2 c P - E is a mapping such that (I — T) is p -Lipschitz invertible and F: P(y,¢) -
E is an £ -set contraction with £p < 1 verifying F(P(y,¢)) ¢ (I — T)(2). If

(i) there exists h € P,h # 0 such that y(Fx + Ah + T(x — Ah)) # ¢, forall A = 0 and x € dP(y,c) N (2 + Ah) with Fx +
Ah +T(x — Ah) € P;

(i) (U - T)"'Fx)) < b for all x € aP(6, b);

(iii) there exists g € P,g # Osuchthata(Fx+ Ag + T(x — Ag)) # aforallA = 0and x € dP(a,a) N (2 + Ag) with Fx +
Ag+T(x—2Ag) € P;

then T + F has at least two fixed points x; and x, in P such that
a<a(xy) with 8(x;) <b
and
b < 0(x;) with y(x,) < c.
Proof.
Claim 1: Fx = (I — T)(x — Ag), for all (4,x) € [0,+) X dP(a,a) N (2 + Ag).
Suppose to the contrary, that for any g € P\{0} there exist 1, = 0 and x, € dP(a,a) N (2 + A,9) such that
Fxg = (I = T)(xo — 409),
SO
Fxq+ 109 +T(xg — A59) = xo.
Thus
a(Fxy+ A9 +T(xg — 209)) = a(xy) = aq,
which is a contradiction with the assumption (iii). Therefore, by Proposition 2.6
i.(T+F,P(aq,a)n,P)=0.

Claim 2: Fx = (I — T)(x — Ah), for all (4,x) € [0,+) X P(y,c) N (2 + Ah).
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Suppose to the contrary, that for any h € P\{0} there exists 4, = 0 and x; € dP(y,c) N (2 + A, h) such that
Fx; =(U—-T)(xy — Ah),
so
Fxi + A h+T(x — A1h) = x4.
Thus
Y(Fxy + 1ih + T — 4h)) =y(x1) = ¢,
which is a contradiction with the assumption (i). Therefore, by Proposition 2.6
i.(T+F,P(y,c)nn,P)=0.
Claim 3: Let H:[0,1] x P(6,b) - E be defined by
H(t,x) = t(I — T) 'Fx.

We have that H(t,.): P(8,b) - E is a £p -set contraction and H:[0,1] x P(8, b) is continuous and h(t, x) is uniformly
continuous in t with respect to x € P(6, b).

We now verify that H(¢t,x) # x for all (¢t,x) € [0,1] x dP(6, b). Suppose to the contrary, that is there exists (t,,z,) €
[0,1] x aP (8, b) such that

H(t,,z;) = z,.
Then
t,(I —T) 'Fz, = z,.
*If t, = 0, then z, = 0, which contradicts z, € dP(6, b).
* If t, €]0,1], then
b =06(z,) = 0(t,(I —T) Fz,) < t,0((I = T)*Fz,) < 0(I —T) Fz,) <b

which contradicts assumption (ii). Since ¢(0) < a then 6(0) < b thus 0 € P(6,b). By the homotopy invariance and
normality properties of the fixed point index, we obtain

i(d- T)‘lF,P(G,b), P)=1i(0,P(6,b),P)=1.
That is
i.(T+F,P(6,b)nQ,P)=1.

Therefore, by the additivity and the solvability properties of the index i,, we conclude that there exists at least
two fixed points x;, and x, for T + F such that

x, € P(6,b)\P(a,a) and x, € P(y,c)\P(8,b)
which implies
a<a(xy) with 8(x;) <b and b < 08(x,) with y(x,) <c.

Theorem 3.2 Under the same assumptions as in Theorem 3.1, if we replace the condition (3.1) with
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O (ux) < ub(x), for all u € (0,1] x dP(6,b), (3.2)

and we replace the condition (ii) with

(iv) 8(Fx+T(Ax)) <b, for all (4,x) € [1,) x dP(6,b) with Fx + T(Ax) € P,

we arrive to the conclusion of Theorem 3.1.

Proof. The proofs of Claims 1 and 2 are analogous to that of the preceding theorem, except that Claim 3 in the
previous proof is replaced by Claim 4.

Claim 4: Fx = (I — T)(Ax), for all (1,x) € [1,+o0) x dP(6,b).
Suppose to the contrary, that exists 1, = 1 and x, € dP(8, b) such that
Fx, = (I —T)(A4x,),
then
i(Fx4 + T(Ayxy)) = Xy,

thus

b=0(x,) =6 (1—14 (Fx, + T(/14x4))) < A—ZG((Fx‘L +T(4xs)))

< O((Fxy + T(A4x4)))
<b,

which is a contradiction with assumption (iv). Therefore, by Proposition 2.7

i.(T+F,P(6,b)NQ,P)=1.
4. Application

Consider the following discrete boundary value problem
A(pAu) + mk)f k)= 0, k€{0,..,N},
Au(N+1)= 0, (4.1)
u(0) — By(Au(0)) = 0.

Where 4 is the forward difference operator defined by Au(k) = u(k + 1) — u(k), k € {0, ..., N} and the nonlinear
function ¢: R - R is an odd, increasing homeomorphism such that ¢(0) = 0.

Note that, the function ¢ covers two classes of boundary value problems: when ¢(u) = u the problem reduces
to a standard discrete boundary value problem; and when ¢(u) = |u|P~%u with p > 2 the problem is the discrete p -
Laplacian boundary value problem.

Suppose we have the following assumptions:
(H1) The function f: R — [0, +«) is continuous and satisfies
0 <Ly < f(u(k)) < by(k) + b, ()u(k)|’, p=0, ke{0,..N}

where by, b,:{0, ..., N} - R are bounded by 0 < b, (k), b, (k) < A,, for some positive constant 4.
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(H2) The function m:{0, ..., N} - [0, +) is continuous with 0 < L, < ¥¥_,m (k) < A,, for some positive constants L,
and 4,.

(H3) The function By: R — R is continuous and satisfies ux < By(x) < fxforx e R, and 0 < u < g;
(Ha) The positive constants A, L, C,, C, Cy, a, b, c, satisfy:
A =max(A,,4;), L=min(Ly,L,),

C, =Cyp=Cq a<b<ec,
Co(B+ N +2)p~1 <A2 (1+ (é)p)) <b,

€, (up™" (N + 1I?)) > c.

4.1. Auxiliary Results

Let the Banach space E = {u: {0, ..., N + 2} - R} endowed with the maximum norm |ju|| = . {(r)na;V( 2 [u(k)].
€{0,...N+

Define
P={u€ekE: uk)=0, ke{0,..,N+2}}and 2 =P.

Following the same technique as in [25], we replace the specific nonlinearity ¢,(u) = |u|?~u, with p > 2, by a
more general function @, thereby obtaining the following lemma.

Lemma 4.1 Let u € P, then the boundary value problem (4.1) has a unique solution given by
u(k) = Bo(¢p* Zom(s) fF(u(s))) + s ¢~ By m(s) f(u(s))), k €{0,..,N +2}.
For any u € P, we define an operator F;: P —» E by
Fru(k) = Bo(¢ 7' oo m(s) f(u(s)))) + ZiZg ¢~ (X m(s) f ((s))).

As shown in [25], finding positive solutions of problem (4.1) is equivalent to finding fixed points of the operator
F, on an appropriate cone.

Lemma 4.2 Suppose that (H,) — (H,) hold. If u € P with |lu]| < D, then
IFull < (B + N)lgp~1(4*(1 + DP))I.

Proof.

IFiuk)] < [Bo(¢*(Xom(s) fFu(s)))| + [T ¢~ (X5 m(s) f(u(s)))]
1B(d71(A,A,(1 + DPY)| + |Tizd ¢ (TN_,m(s) A, (1 + DP))|
Bl(d~ (424, (1 + DP))| + |TK =1 (4,4,(1 + DPY))|

Bl (A4, (1 + DP))| + klp~1(A,A;(1 + DP))|

B+ k)P (A4, (1 + DP))|

(B+ N +2)|¢p~1(42(1 + DP))|, k €{0,..,N + 2}.

IANININ TN IA

Lemma 4.3 Suppose that (H,) — (H,) hold. If u € P, then

: > -1 2
e Fiu(k) = uep= (L%).
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Proof. For any k € {0, ..., N + 2}, we have

Fu) = (Bo(¢7 Ellem(s) Fu()) + TS ¢ Ty m(s) £ (u(s)))

2 #d’_l((N + DL,L) + Z{:ol ¢_1 (L2Ly)
> pp ' (N +DLLy) + k¢~ (LoLy)
> up (N +1DL?).

5. Main Result

Theorem 5.1 Suppose that (H;) — (H,) hold. Then the problem (4.1) has at least two positive solutions u; and u,
such that

b
2 < max  u (k) <=
Ca  ke{0,...N+2} Co

b
— < max u,(k)< =,
Co  ke{0,.,.N+2} Cy

Proof. For u € P, define the following nonnegative continuous functionals

a(u) =C, max u(k),

k€(0,...N+2}

v = Cyke{(r)??gl(n}u(k)'

O(u) =Cy max u(k),

ke(0,...N+2}

and we define the following sets

P(a,a) ={u€P: a(u) <a},
P(8,b) ={u€P: 6(u) <b},
P(y,c) ={ueP: y(u) <c}.

Letu € P(y,c), then Cyk {(r)namz}u(k) < c.
€{o,...,

we have
y(uw) <0 < a(u)
and

1
hull, _max_ u(l) = 2y

Letu € dP(6,b) and 1 € [0,1], we have

0(Ax) = Cgke{gr}.?l)é”}lu(k) = ACGRG{B??I)&”}u(k) =A0(uw)

then 6(Ax) < A6(x).
Let e > 0, for u € P, we define the operators

Tu(k) = —eu(k)
Fu(k) = eu(k) + Fiu(k), ke€{0,..,N+ 2}

Note that if u € P is a fixed point of the operator sum T + F, then Fyu = u. From Lemma 4.1, this implies that u is
a solution to the boundary value problem (4.1). Next, we verify that the assumptions of Theorem 3.2 are satisfied.
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1. Letu, v € P, we have

I -Tu—-U-Twll = I((A+eu—-(1+e)l

= (A+9|u-—-v.

Then (I = T): P - (I — T)(P) is Lipschitz invertible with a constant i
2. Letu € P(y,c). Then |lul| < Ci and by Lemma 4.2 we have
Y

IFsull < (B + N + 2)¢p~ <A2 (1 + (a>p>)

Consequently,

|Ful| < e (é) +(B+N+2)p! (A2 <1 + <C—”y)p))

The operator F is then bounded. Its continuity follows from the continuity of the functions f, m, B, and ¢! and
since the Banach space E is a finite dimensional F: P(y,c) — E is a completely continuous operator. Thus, F is a 0-

set contraction.
3. Let u € P(y, c) be arbitrarily chosen.

We take

) Bk e40,...,N + 2}
1+e 1+e

v(k) =
Then

0<wv(k), ke{0,.. N+2}
Therefore v € 2 and
Fu(k) = eu(k) + Fyu(k)

1+ &v(k)
(I-Tyvkk), ke{0,.. N+2}.

Thus F(P(y,c)) < (I — T)(Q).
4. Let A = 0 and h € P\{0} be arbitrarily chosen. Take u € 0P(y,c) n (2 + Ah).

y(Fu+Ah+T(u—21h)) = y(eu+ Fiu+ Ah — e(u — Ah))
y(Fiu + (1 + €)4Ah)

Y™ (N + L)
C,(up ™ ((N + 1)L?))

c.

VoV

Therefore, y(Fu + Ah + T(x — Ah)) # c.

5. Letu € dP(0,b), we have

o[- Fx) = 6()

= & ()
%(e% +(B+N+2)p (AZ (1+ (Ci;)p)»

< b.

IA
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Therefore, 8((I — T)"*Fx)) < b.

6. Let 1 = 0 and g € P\{0} be arbitrarily chosen. Take u € dP(a,a) N (2 + Ag).

a(Fu+1g+Tu—-21g9)) = a(eu+ Fu+ g —e(u—19))
a(Fiu+ (1 +¢)Ag)
a(up™'((N + L)

Ca(up™ ((N + DL*))
a.

Vv

Therefore, a(Fu + Ag + T(x — 1g)) # a.

Therefore, all the conditions of Theorem 3.2 are satisfied, then the boundary value problem (4.1) has at least two
positive solutions u, and u, in P such that

b
2 < max  u (k) <=
Ca  ke{0,..,N+2} Co

b
— < max u,(k)< =,
Co  ke{0,.,.N+2} Cy

6. Numerical Example

Consider the following discrete boundary value problem

A(p(Auk)) + m(K)f(uk)) = 0, ke{0,..,10}
Au(11) = 0, (6.1)
u(0) — By(4u(0)) = 0,

with

1
5(k+1)

Fui) = g + 3, mk) =% Bo(x) = 10x;

We choose the nonlinear homeomorphism

__u() -1 __u®
du(k)) = Nk then ¢~ (u(k)) = Ticato? where |u(k)| < 1.
Let
1 1
bi(k) = s, by =
We take the constants
1 1
p=: A1—g' Az—g,
leé, L, =10, u=p =10.
Hence
A=max(A;,A) =3, L=min(Ly,Ly) =1,
1 1 2 3 4
Cy=ESC9=ESCa=8, a=g<b=g<c=g.
We have
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0< Ly =< fuk) = 5(k+1) §|u(k)|§ < by (k) + by (Olu()f, p=0, kef{o,..10}

and

1 11 1
0<L,=;<E2om(k) = szSS_E<A =2, Vk€{0,..,10}

10x < By(x) = 10x < 10x, Vx € R,.

Therefore, the assumptions (H,) — (Hs) are satisfied.

Now, we check the inequalities in condition (H,)
» 1
b 0.6 0.2 _
(69) - (0 2) 37 =124

42 (1+ (:;9)”) = O+ (10)5) = (0.04)(2.24) = 0.09

o (201 + (C‘;e)p) = $71(0.09) = =2 = 0.09

Co ((/3 +N+2)p" <A2 (1+ (Ci;)p)» = (10 + 10 +2)(0.09)

(0.2)(1.98)
0.39
b=06

A

and

G g™V + D) = (02)10)7 (10 +1) ()
0.04
= 0.2)
= (0.2)(10) =

0.8980

= (0.2)(10)(0.4899)
= 0.9798

>c=0.8.

Therefore, all conditions of Theorem 3.2 are verified. The the problem (6.1) has two solutions u; and u, such that

u; € P(6,b)\P(a,a) and u, € P(y,c)\P(6,b)

which implies

0.4 0.6
e 0.05< max u,(k) <5< 3

k€{0,...N+2}

and
0.6
—=3< < — =4,
1.2 kefo,. aN+2}u2( )

7. Comparison and Remarks

1. In this work, we establish a new functional fixed point theorem on cones for operator sums of the form T + F,
where [ —T is i—Lipschitz invertible and F a 0-set contraction. Our approach rely on fixed point index theory for
the sum of two operators, extending existing results in nonlinear functional analysis.

110



Twin Fixed Points for Operator Sums Bouchal and Mebarki

2. The functionals a and y are assumed to be nonnegative and continuous on P. Unlike in [12] in this work no
monotonicity conditions are imposed on these functionals.

3. We replace the condition 8(0) = 0 in [12] with the condition a(0) < a, which is used in the proof of claim 3. In
fact, for 0 € P(y,c) we have

0(0)<a(0)<a<b=06(0)<b.
4, We replace the condition P(a,a) # @ in [12] with weaker one P(a,a) N 2 # @.

5. The boundary value problem considered in his work involves the generalized ¢-Laplacian, which is more
general than the problem studied in [12].
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